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Introduction Preliminary Method Experiments

o LLMZ2| Inference
o0 Masked Multi-Head Self-Attention
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o Entropy & Mutual Information
o Entropy H(x)
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0 Mutual Information I(X;Y)
- FEE Ha xetyZt 20| ool Aot B2 BEE SRt (8= ET)
[(6;Y) = Ty p(x,) log £ = H(X) = H(XIY)
IX;Y)=0: 7 =& Ha xt v/ 25| S8 < &8 0|2 B, Huffman Coding >

-A=0,B=10,C =11

Y/ X A B C - ABACCAC & 0101111011
E(bits) =041+ 022+ 0.4 %2
a
— — = 1.6 bits
B 2/12 2/12 4/12 _ I _ 1/12 2/12 4/12 |  H®Xla) = 1.522 ..bits
E(bits) = Entropy
p(Xla) = p(X|B) = 1(X;Y) =0 p(X|a) # p(X|B) = 1(X;Y) >0
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o Quantization & Distortion

o0 Quantization

Experiments Conclusion

- O M2 bit £E 02 HOIHE EHdhe W (A or 22 28)

O
. Zigxoz 7HEOI =A0| &M (Distortion)

0 Lemma 2. Shannon Lower Bound (SLB, Shannon’s lossy source coding theorem)

- ZE EE pyE MED /o0 027t QEZD h(x)E A= HE HH x e R? Of CHSHA, B bit2 A=
Ch=at ZCt

D(py, B) = inf{E[||x — ylI5]: I(x; y) < B}

- O|If D(py, B) = mutual information I(x;y)7t Z|CH BRI 2= x2F yo| ZTEEC

| infimum(StehO|H, Bt 22 U=
Zb=r}

d
D(py, B) > — 2(2/d)(h(x)-B)
(px, B) = Se
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o Gamma Functio
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Conclusion
o Beta Distribution T —
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o TurboQuant
o KV CacheE O X2 {222 ME
o YA MHO|MO HE2E 2XHE SiZ

What is TurboQuant?
KV Cache.

Compressed

| Stage 1: MSE Quantizer |

R
‘ Stage 2 QJIL Residual l

Conclusion
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o TurboQuant mse
o Objective: minimize MSE

Algorithm 1 TURBOQUANT,_,: optimized for MSE

1:

© @®

input: dimension d and bit-width b
// Global Parameters for Setting up TURBOQUANTgg.

. Generate a random rotation matrix II € R9*d

Construct codebook by finding centroids ci,ca,...co € [—1,1] that minimize MSE cost in
Eq. (4)

Procedure QUANT,_ ()

y«—Il-x

idx; < arg mingepon) |y; — ci| for every j € [d] {idx;’s are b-bit integers}
output: idx

Procedure DEQUANT__ (idx)

: Yj < Ciax, for every j € [d]
10:
11:

R | Y
output: x
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o Global Parameter Setting
0 Generate Random Rotate Matrix [] € R%*4 N '
[ |
1
HEX| 20| V1 — x2Q d-1XI9l o] EHH P I
§ | &
2 (d=1)/2
(1 _ xZ)(d—Z)/Z
xj ~ fx(x) = [(d—1)/2) | ! — [td/2) (1 — x2)d=3)/2
! 2ma/? V1—x2| /al((d-1)/2)
['(d/2) Zt®E Heof| 2|9t Jacobian 7Y
d-1xH& o] £
o Lemma 1. 22|2| A== d0f CHSHM d — 1 ApRACQ| EHe| 7+ 2| HUSHA 22 F HE H=a xO 2 X H = [2f 22 Beta
Si e Hi Ema $as

distribution= &L} EEBF d7F HX|H beta distribution= Ct

1
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o Global Parameter Setting

0 Construct codebook cy, ¢, ..., cp € [-1,1]

2b CitCitq
2
— : ]2
C(fX) b) o _1SC1SCI'121énSC2b51 P Ci—1+Ci x Cll fX(x)dx
i=1 2

C1 Cp C3 (4
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o Quantization

o0 &Y%t CentroidsE &850 2| ™ =l HE O Zt Xt 2| Centroid indexE M&

c; | -0.78
[1 ¢, | -0.31 _

* y=1x  Tos dx
-0.0234 X 03214 | . 078 2 (01)
0.7165 0.6168 4 (11)
0.2168 — -0.0123 — 2 (01)
-0.2364 0.0078 3 (10)
4 x 32bit 4 x 32bit 4 x 2bit

Conclusion

Procedure QUANT,_ ()

y«Il-x

idx; < argmingcpo) |y; — ci| for every j € [d]
output: idx

{idx;’s are b-bit integers}

12
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o Reconstruct

o S CentroidsE TEH0] H|HE HE0| 2t K2l

idx

2 (01)

4 (11)

2 (01)

3 (10)

4 x 2bit

]

| Centroid index2 X &t

HT

>

c; | -0.78
c, | -0.31 _
¢, | 031 Y
¢, | 078 -0.31
0.78
)
0.31
4 x 32bit

Experiments

x=[1"y

-0.0219

0.7321

0.2002

-0.2107

4 x 32bit

Q

Conclusion

-0.0234

0.7165

0.2168

-0.2364

8: Procedure DEQUANT, _ (idx)

9: Yj ¢ Ciax; for every j € [d]
10: 2 IO - g
11: output: x
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o Lemma 3. SLB for random point on hyper sphere

o0d—1KX2o Bt T Qo] FUSIH ExE HEH HE x e $4-10] CHTF Lemma 20| A 2| B bit0f] 2|3t MSE X} 4= D(B)=
CtS1F &2 sloto| MElstr},

D(B) > 272%B/d

o Proof)

- AgE d-1 XM Tl #EHHO|2t Ot H, @ Y = E Q| entropy h(x) = log, Aq OICH.

- Lemma 22| h(x)0l| O] L &SIE Ch=5 ¥S = UL

- Gamma &0 Ci$t Stirling's approximation 3412 AI25HH Ch5oF ZHCt
d
y _2m?? _ (2me\? [2d ol
r')
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o Lemma 3. SLB for random point on hyper sphere
o Proof)

A0 2/d S

Ao7|M 2/d

[t2kA D(B)

=)
=
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FlotH Ch=at 20| LIEE == Rl

HEO g7t AR Wt 12 SFSCh mats Ch3ap 20| 4792 HelE T
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2d101
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21me
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Method Experiments

Introduction Preliminary

o Theorem 1. Performance guarantee: TurboQuant mse
o 292|9| bit-width b > 12} &2[9| HIE x € $¢-10f| CHSHA], TurboQuant mseZ

Cleat £2 BPE Z4=C
V3r 1
Dipse = IE)Z[”x — x”%] < TE

ES
2= 3

o Proof)
lE| x2F S8 HIE % AO|2] MSE errore 3| El BIE 3o jALO|2] HE|Qt &
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2
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Jeld]

BE JIX|DE BE A0 (3 RS X
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Conclusion
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o Theorem 1. Performance guarantee: TurboQuant mse
0 Proof)

Conclusion

- ZtE SHLEQ| XM 9| MSEE centroide= Z278%t= A e(fy, b)) €3 WEtA MSE 2%t D, = CHSI 23

Dpse = d - C(fx, b)

- DKM fof BRI YHEZO| S| G20, REE M0, et ey, b) U
(Panter-Dite high-resolution formula)

3
1 1 +3m1
1/3 —
Clfxb) =75 jfx(x) 13dx TR
- m2tM, MSE @K D, £ CHETH 2T
V3m 1
Pmse 5735

rlo
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o TurboQuant prod

o Objective: minimize Inner product error

Algorithm 2 TURBOQUANT 4 optimized for inner product

1: input: dimension d and bit-width b
// Global Parameters for Setting up TURBOQUANTp o4
2: Instantiate a TURBOQUANT,.. With bit-width b — 1 as per Algorithm 1
3: Generate a random projection matrix S € R¥? with i.i.d. entries S; ; ~ N(0,1)

4: Procedure QUANT,.4()

5. idx < QUANT ()

6: r < x — DEQUANT, (idx) {residual vector}
7: qjl « sign (S -r) {QJL on residual vector}
8:

output: (idx,qjl,|[|r(,)

9: Procedure DEQUANT,,,4(idx,qj1,7)
10: Epge ¢ DEQUANT, (idx)

mse
- T[22 .
11: mqjl — %}f‘,},.ST‘qu

12: output: Tpse + Tgj1
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o QJL: 1-bit inner product quantization (Quantized Johnson-Lindenstrauss)

o ool 29| == qof CHohA QILS CHS1at 20| Hol=ICt Ol s e R*4= FE%2E N(0,1) O|A iide =2 ME-E
random i & O|LCt,

Experiments Conclusion

Qqji(x) ==sign (§-x) foranyx € R4

E’
~
[\

Qqj1(2) = TSTZ for any z € {—1, +1}¢

o Lemma 4. Performance guarantee: QJL
o Yo|o| HE| x € $9-12} y € RAO|| CiS}O] CHSO| A BIstLt.

H

E| (3, 074 (Qan())| = .20 nbiased)

Var (<y, Quji (qul(x))>) < % llvll3 (Variance Bound)
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Conclusion

o MSE optimization # Inner product error optimization
o MSE Optimization2 Inner productZt G 2| L2+ bias?t =X 2t

- Inner product error

(y,.X')— (}’:55> = (}’:x_@

- DROF = x — x7F HEBEE, ot O BEEFO|| [2FA, inner productOf EEF0| =Yg

inner product error bias = E[(y,1)]

A~
T

olC

AN

.
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I rurbocauant prod

o MSE optimization # Inner product error optimization
o GA]) 1-bit MSE-optimal TurboQuant

- 1-bit MSE-optimal TurboQuant2| 2 E 51} Quantization &&= Cta1f 2L}

codebook =< —

2
Qmse(x) =sign(llx),  Qmse(2) = | 1"z

d
J/2

d

STy

-1 —
qul(Z) =
- [M2fA, MSE-optimal TurboQuant= inner product error0| CtE1dt &2 bias/t =XHStC}.

2
IE[(Y: Q‘;lée(Qmse (x)»] = p (y, x)

Conclusion

21
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o Quantization

o MSE-optimal TurboQuantZ b-1 bit 2= (idx)

o &= 2%} rS 1-bit QILE &= (gjly)

I I
I |
s |
idx | ixmse Yy = |7l |
|
d x (b — 1) bits | | 32 bits |
|
| |
| ~ R . I
X a r=x—Xx > qjl |
. N XS . |
d X 32 bits H d X 1 bits :

1 bits QJL on residual

Procedure QUANT,,4()
idx ¢ QUANTg. ()
ri—axr— DEQUANT
qjl < sign(S - r)
output: (idx,qjl,||r|,)

(idx)

mse

{residual vector}
{QJL on residual vector}
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o Reconstruct
0 idx BEE MSE-optimal TurboQuant S& (%,,5c)
0 gjl HE2} scale y = residual =¥ (%,;))

o F HEO Bo2 X|FT HEH 28 (% = Fnee + Tgj1)

10:

11:
12:

idx > Xnse
| 4 %qjl
qjl

Experiments Conclusion

Procedure DEQUANTpmd(idx, qQil,y)
Tpse < DEQUANT, (idx)

/2

- T .
Cﬂqjl‘:—T"Y'S 'qJ].
output: ZTyse + Tqj1

23
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o Theorem 2. Performance guarantee: Turboquant prod

o b>1 2l bitwidthE ¥o|o| HIF x € $4-17} =X WM, Turboquant prodE &t Y= Z1HQ idx € [2P71]4%} gjl € {-1,1}¢,

[ O=2 - "1 L=

J8|0 Y4 yE Sof ChAl 2T HE 5 e RiS 0SS BHEBIL

IEJ?[()’ljZ)] — (y'x>
V3r? - lyll; 1
d 4

Dyroa = Ez[l{y, x) — (y;f”z] <
o Proof)

Xmse Ol HiSt (y, %)2 ZUF 7|S4¢f2 Ch=1F ZL

IE[()’: J?>|3?*mse] — IEfc'qjl [()’, Xmse T qul)|£mse]
= (Y» fmse) + IEa‘c'qﬂ [()’, qul)|£mse]
=¥, Xmse) + (¥, 7) = (¥, %)

bt
OpA
1
|0
u
N
e

=
fjo

ALtot® ChEat Z L.

1
>

Ex[(y, )] = Ez__ [E[y, ®)|%msel] = E[y, x)] = (¥, x)

Conclusion
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o Theorem 2. Performance guarantee: Turboquant prod
o Proof)

Fmse Ol CHEH [(y, x) — (y, %)|2 2| ZHF 7|CHg2 Ch=1F 2L
~ ~ [ ~ ~ 2| ~
E[l()’» x) — Ay, x)lzlxmse] = IEa‘c'qﬂ _ (¥, x) — (3’» Xmse T xqjl>| |xmse]

=[Ez . :0’»7”) ~ (y»fqﬂ>|2|fmse]
1| E[(y, J7qﬂ>] — (v, qul>|2|f‘mse]

T
= Var((y, qul)lfmse) < ﬂ ‘ ”7"“%“}7”%

bt
OpA
1
|0
u
N
e

=
fjo

ALtot® ChEa Z L.

1
>

Dproa = Efmse[IE“(%x) -y, f)lzlfmse]]
< Y IBEllx — Fmsoll2
Y2 msell2

— 2d
om , - \BrE-lylli 1
= ﬁ ) ”ynszse - d ’ Ab
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o Theorem 3. Lower bound on best achievable compression distortion

o ¥°lo| quantization 2T2IF Q:$41 - (0,1)049F 28 Y Q71:{0,1)00 - RU0Y CHSHM CHSS BHBAIZIE x e 5971, y €
s¢-10] EXfHCE

1

Dinse(Q) = Elllx = Q7*Q()I3] 2 75

1 1

Dprod(Q) = IE[I(y,x) — (y, Q—lQ(x)»lz] > E . 4_b

o TurboQuant= Near-Optimal QuantizationO|LC}.

o distortionO| Z[AQ1 BFHZ2 OFL|X| 2t A2l XA Q1 HHEHO[L} (Near-Optimal)

b V1
mse — 2 4b

P Ll 7

prod — d 4_b
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o Dataset

o DBpedia Entities dataset
o Needle-In-A-Haystack Test

o LongBench-V1

o Model

o OpenAl3 embeddings (1536-dim)
o Llama-3.1-8B-Instruct, Ministral-7B-Instruct

Experiments

Conclusion

27



Introduction Preliminary Method Experiments Conclusion 28

o Error distribution (OpenAl3, Dbpedia)

o0 mse= biasZl &= YHHO|, prod= S

(a) TURBOQUANT,, 4

% 107 Biiwicl\h =1 w« 107 Bitwitlth =2 % 107 BiiwicJ\h =3 5 107 Bitwthh =4
1.5
1.5 1.5 1.5
510 5 & 5
5 : 5 1.0 % 1.0 5 1.0
g g g g
o 0.5] &£ 0.5 0.5 \C 0.5
“‘—"l"].l 0.0 (0.1 ni}(l.l 0.0 0.1 Ui]ﬂ.l 0.0 0.1 ni)(l.l 0.0 0.1
Inner Product Distortion Inner Product Distortion Inner Product Distortion Inner Product Distortion
(b) TURBOQUANT,
w107 Liiwidth =1 o 107 IBitwidth = 2 2 107 e|Bit1n-.|ridth =3 w107 |Bitwidth = 4
15 | 1.5
- - =
: : :
21 21.0 g 1.0
o o o
o o o
L w5 W (.5
0.0 0.1 0 0.0 0.1 0.0 0.0 0.1 0.0 0.0 0.1
Inner Product Distortion Inner Product Distortion Inner Product Distortion Inner Product Distortion
Figure 1: Error distribution of TURBOQUANT,,, .4 and TURBOQUANT,, for Inner Product Estima- 6/\5,—&.5 ot

tion.
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tortion

o Variance of Distortion (OpenAl3, Dbpedia)
o Turboquant prod= £4t0| inner product@t F2tg

o Turboquant mse= inner product0| H|2{|5l= biasE 77
(a) TURBOQUANT,, o4

«10° Avg IP = 0.01 w105 Avg IP = 0.06 «10° AvgIP =0.10 x10" Avg IP =0.17
=3 >3 3 5.3
< 2 2 2
g, g5 22 R
o o o o
o o o 9
] w1 wl i
1] 0] 1] ()
—(.05 (.00 0.05 —0.05 0.00 0.05 —0.05 .00 (.05 —0.05 (.00 (.05
Inner Product Distortion Inner Product Distortion Inner Product Distortion Inner Product Distortion
(b) TURBOQUANT,,
«10° Avg IP = 0.01 x10° Avg IP = 0.06 « 105 AvgIP =0.10 »10° Avg IP =0.17
3 3 3
) oy ) &4
= = o =
39 32 3, @
= = = =
g g g g2
wil wl (| I
1] () 1] () ~—
—0.05 (.00 0.05 —0.05 0.00 0.05 —0.05 .00 0.05 —0.05 (.00 (.05
Inner Product Distortion Inner Product Distortion Inner Product Distortion Inner Product Distortion
Figure 2: The variance of Inner-product error remains constant for TURBOQUANT,, 4, while in 6 MNRBOjOID
TURBOQUANT,.,. increases with the average inner product. Bit-width is b = 2.
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o Theoretical Inner-product error and MSE
o E&¢ bandwidth7} F£0{Zl 22 mse?t E £3
o Bandwidth7} HZ 5 0| 2H dehidof =T

(a) inner-prod error (b) MSE

~ =#=TurboQuant... N =8 TurboQuant,..
=e— TurboQuant,, .4 S = = Lower Bound: 4°*

== = | ower Bound: %44' -—— Upper Bound: \/ﬁgﬁl_b
™. = = Upper Bound: /354"

—
=
.I -
—
i

=t
=
|

=

5
]
Mean squared error (Dp..)

Inner Product Error (Dpyeq)

/
/

1 2 4 3 1 2 1 )

3 3
Bitwidth () Bitwidith ()

Figure 3: Comparison of inner-product error and MSE against theoretical bounds across different
bit ratios.
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Experiments Conclusion
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Figure 4: Evaluation of Llama-3.1-8B-Instruct on the “Needle-In-A-Haystack” test, where a
model must retrieve a hidden sentence from long-context sequences. While some methods struggle
with recall, TURBOQUANT, despite being more than 4x quantized, achieves the same exact perfor-
mance as the uncompressed baseline.
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o KV CacheE ¢=4lH LLM2| M s0| HotLt SX|E|=7}
o 6H M2 KV Cache HI2E|2 O] FAlSt 5 B/

Method KV Size SingleQA MultiQA Summarization Few shot Synthetic Code Average
Llama-3.1-8B-Instruct

Full Cache 16 15.29 45.16 26.55 68.38 59.54 46.28 50.06

KIVI 3 43.38 37.99 27.16 68.38 59.50 44.68 48.50

KIVI 5] 45.04 45.70 26.47 68.57 59.55 46.41 50.16

PolarQuant 3.9 45.18 44.48 26.23 68.25 60.07 45.24 49.78

TURBOQUANT (ours) 2.5 44.16 44.96 24.80 68.01 59.65 45.76  49.44

TURBOQUANT (ours) 3.5 45.01 45.31 26.00 68.63 59.95 46.17  50.06
Ministral-7B-Instruct

Full Cache 16 47.53 49.06 26.09 66.83 53.50 47.90 49.89

TURBOQUANT (ours) 2.5 48.38 49.22 24.91 66.69 53.17 46.83 49.62

Table 1: LongBench-V1 [10] results of various KV cache compression methods on Llama-3.1-8B-
Instruct.
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o Quantization Time & Search

Approach d=200 d=1536 d=3072
Product Quantization 37.04 239.75 494.42
RabitQ 597.25 2267.59 3957.19
TURBOQUANT 0.0007 0.0013 0.0021

Table 2: Quantization time (in seconds) for different approaches across various dimensions using
4-bit quantization.

(a) GloVe - d=200 (b) OpenAl3 - d=1536 (c¢) OpenAl3 - d=3072

10 1.000 1000 —

/i V%

o 0.975 Y : 0.975 -’/ £ ,
x o : —a— TurboQuant 2 bits ¢ &/ ¢ |[~=— TurboQuant 2 bits
® ® 9501 —e— TurboQuant 4 bits @ |/ —e— TurboQuant 4 bits
— 08 - —e- PQ 2 bits — 090y il ~e- PQ 2 bits
® ® —e- PQ 4 bits ® Hi -+ PQ 4 bits
™ 07 —a— TurboQuant 2 bits ™ —=-- RabitQ 2 bits | 95| iy —=-- RabitQ 2 bits
3 —o— TurboQuant 4 bits & 0.900 '~ RabiiQ 4 bits 3 i '~ RabiiQ 4 bits
o . —+- PQ 2 bits oc C o000 19

-6 —«- PQ 4 bits ) i

—-- RabitQ 2 bits 0 0.875
051 ¢ |—- RabitQ4 bits ST 1
0.850
1 2 4 8 16 32 64 1 2 4 8 16 32 64 1 2 4 8 16 32 64
Top-k Top-k Top-k

Figure 5: Recall comparison on different datasets with different embedding dimensions.
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o TurboQuant €1 2|&

=
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0 Lemma 2. Shannon Lower Bound (SLB, Shannon’s lossy source coding theorem)
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